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The entanglement properties of quenched quantum systems have been studied for a decade, how-
ever results in dimensions other than d = 1 are generally lacking. We remedy this by investigating
the entanglement properties of bosonic critical systems in d = 3, both numerically and analyti-
cally, comparing the free and the interacting critical quench of an O(N) model. We find that the
evolution of the entanglement entropy for these two systems is nearly identical, as expected from
the ”quasi-particle” picture. However, the low-lying entanglement spectrum is controlled by the
different critical exponent of the two systems, and therefore these exponents may be extracted by
purely entanglement-theoretic calculations. We verify this scaling numerically.
PACS numbers: 67.85.-d; 81.40.Gh; 03.65.Ud
I. INTRODUCTION
In a quantum quench the system is prepared in the
ground state of a local Hamiltonian. The state is then
evolved under a different Hamiltonian, so that the sys-
tem is in a highly excited state1–3. The ensuing dynam-
ics have become an object of intense study as they ex-
emplify strongly non-equilibrium quantum systems, and
are a natural experimental protocol for cold atom tech-
niques4–8.
A fruitful way to understand quantum quenches is
through quantum information theoretic quantities such
as the entanglement entropy and entanglement spectrum
(ES)9–16. To construct these entanglement statistics a re-
gion of the physical space is selected and then the degrees
of freedom outside this region are traced out. This trans-
forms the wavefunction into a reduced density matrix, the
properties of which define the entanglement statistics.
The power of using entanglement to characterize
quenches was demonstrated in particular in 1d conformal
systems where there is a relationship between the growth
of the entanglement entropy and universal quantities17
S(t) =
pivct
6τ0
+
c
3
log τ0; vt < L/2, (1)
where L is the length of the selected region, v the veloc-
ity, τ0 is the initial correlation length and c is the central
charge of the conformal field theory. For t > L/2, the en-
tanglement entropy is constant. Many studies have built
on this result, but are still mainly in 1d18–21 or in spe-
cialized theories22. Results on natural field theories are
scarce as entanglement statistics are not easily calculated
by standard field theoretic techniques. Therefore it is un-
clear what one should expect in generic field theories in
d > 1.
In this work we consider the entanglement properties of
bosonic quantum quenches in d = 3. We study a quench
from an initial state with short ranged correlations. This
may be thought of as the ground state of a free boson
with a large mass. The state is then evolved under one
of two different Hamiltonians. The first is a free mass-
less Hamiltonian. We emphasize that although this is a
quench between two different free Hamiltonians the be-
havior is non-trivial and has not yet been discussed in
the literature.
The second quench is to a Hamiltonian governing the
critical prethermalization state of the interacting O(N)
model, the latter identified in Refs. 23–25. A generic in-
teracting theory is expected to thermalize after a quench
and therefore will have all correlations described by the
Gibbs ensemble. However in some theories the ther-
malization time is long enough that a rich physics may
appear between the non-universal regulator dependent
short time scale and the thermalization time. In the case
of the O(N) model the thermalization time may be made
large by increasing N . This prethermalization state is
well described by the N →∞ limit26. The 1/N correc-
tions control the thermalization behavior which is irrele-
vant to the short time pre-thermalization behavior. The
O(∞) model is a non-integrable interacting system, but
it is sufficiently tractable that the entanglement statis-
tics may be directly extracted, for relatively small system
sizes.
The quenched O(∞) model has a critical transition
separating coarsening and disordered regimes. This crit-
ical transition, like usual critical points, is characterized
by a universal exponent θ identified in references 23–25
called the initial slip exponent. This θ controls universal
aging phenomena27–30 which appear in our system in the
fluctuations of the bosonic field φ,
〈{φ(r, t), φ(r′, t)}〉 ∼ |r − r′|−2θ+2−d, (2)
when |r−r′|  t and the velocity of excitations has been
set to 1. In the case of the free massless Hamiltonian the
initial slip exponent takes the value θ = 0. In the critical
interacting case it takes the value (4 − d)/4, or θ = 1/4
in d = 3.
We emphasize that the critical exponent θ is not an
equilibrium critical exponent. Rather, this exponent
should actually be thought of as a boundary critical expo-
nent25,29 that governs the renormalization of the φ field
at the temporal boundary t = 0. As it requires a tem-
poral boundary it cannot be probed by local perturba-
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2tions of the equilibrium critical state. We also note that
the physics involved is not directly related to the Kibble-
Zurek mechanism31,32. As the quench is large and instan-
taneous there is no gradual freezing out of fluctuations,
and the exponent θ cannot be calculated from these con-
siderations. Thus while the Kibble-Zurek exponents can
be derived from equilibrium critical exponents, θ in con-
trast is truly a new exponent arising entirely due to the
quench.
The numerical calculation of the entanglement statis-
tics of both the free and O(∞) quench proceeds by defin-
ing correlation functions on the cubic lattice. For the
free case this may be trivially done. For the interacting
case this is done by suitably regularizing the previously
calculated long-range critical behavior in a way that is
compatible with the underlying lattice. Using the fact
that both states have Gaussian correlations, the entan-
glement statistics may then be directly calculated from
the correlation functions.
Combining this numerical computation and analytic
arguments we arrive at two principal conclusions. First,
the time evolution of the entanglement entropy is well de-
scribed by the “quasi-particle” picture19 and controlled
by non-universal properties of the dispersion, Fig. 1,
lower panels. Second, the scaling of a part of the eigen-
values of the ES is universal, Fig 1, upper panels. That is
the largest eigenvalues λ of the spectrum obey a scaling
relation,
λ(L, t) = L−2θ+1W (t/L), (3)
where L is the linear size of the entanglement region and
W is some unknown scaling function. The existence of
such a scaling relation opens up the possibility of de-
termining non-equilibrium critical exponents in systems
where they are unknown.
The ability to cleanly separate universal and non-
universal physics stems from the clear scaling behavior of
the non-equilibrium phase transition. Since an effective
temperature generated by a quench causes such phase
transitions to only exist in d > 2, our results are a signif-
icant advance over previous studies in d = 1.
The remainder of the paper is structured as follows. In
Sec. II, we lay out the physical models under considera-
tion and discuss their correlation functions. In Sec. III,
we discuss how the ES is calculated and present numer-
ical results for it. In Sec. IV, we use analytic arguments
to derive the structure of the ES. We conclude in Sec. V.
II. CRITICAL QUENCHES
A. System
We consider a system of bosons on a three dimensional
cubic lattice, described by canonically commuting oper-
ators φai , pi
b
i , [φ
a
i , pi
b
j ] = iδabδij , where ij indicate lattice
positions and ab some additional flavor index that takes
FIG. 1. (Color online.) Scaling of the entanglement spec-
trum. Top left: First eigenvalue for the free quench, scaled
by exponent 1 for different sizes L, inset unscaled values. Top
right: First eigenvalue for the interacting quench, scaled by
exponent 1/2, inset unscaled values. Bottom left: Scaled en-
tanglement entropy for an interacting quench with nearest
neighbor dispersion for several different L. The dashed line
shows a fit with the ”quasi-particle” approximation. Bottom
right: Same for the altered dispersion.
N values. At time t = 0 the system is in the ground state
of the Hamiltonian
Hinit ≡ 1
2
∑
ai
[
φai tijφ
a
j + ω
2
0 (φ
a
i )
2
+ (piai )
2
]
. (4)
Here tij is a translationally invariant hopping ma-
trix. The matrix tij determines the dispersion ε
2
k =∑
j exp (ik · rj) tij . We take εk = 0 only at k = 0 and
near k ∼ 0 we assume ε(k) ∼ c|k|, i.e., the boson is
massless when ω0 = 0. The constant c is the speed of
low energy quasi-particles. We rescale t so that c = 1.
These conditions determine the long distance properties
of the dispersion.
In the initial state we take the large mass limit ω20  tij
where the operators have local correlations,
〈φai φbj〉 =
ω0
2
δijδab; 〈piai pibj〉 =
1
2ω0
δijδab; 〈piai φbj〉 = 0,
(5)
with higher correlations determined by Wick’s theorem.
For t > 0 the system is evolved under a local Hamilto-
nian.
We consider two possibilities. First the free massless
Hamiltonian
Hfree ≡ 1
2
∑
ai
[
φai tijφ
a
j + (pi
a
i )
2
]
. (6)
In order for this to be massless we must set the appro-
priate conditions on tij .
The second quench is to the interacting Hamiltonian
Hint ≡ Hfree + m
2
0
2
∑
ia
(φai )
2
+
u
4!N
∑
iab
(φai )
2 (
φbi
)2
. (7)
3FIG. 2. (Color online.) Top left: Nearest neighbor disper-
sion ε(k) and the alternate dispersion ε˜(k), along the [111]
direction through the BZ. Remaining panels: The three cor-
relations as a function of position at t = 15. Top right inset
and bottom right inset is the zoom of light cone shoulder.
At r = 0, Cpipi  1 (not shown), a remnant of the initial
condition given in Eq. (5).
In both cases the initial state corresponds to a highly
excited state, with an extensive amount of energy. As
we shall see, the correlations of Hfree possess a scale free
character, coming from the lack of a low energy scale.
Similarly, it was shown that by tuning m0 a similar
scale free structure is obtained for the correlations un-
der Hint
23,24,26,33–35.
B. Correlation Functions
We study the N → ∞ limit, where self-consistent
Hartree-Fock is exact. In this case, Wick’s theorem holds
and all the entanglement quantities may be extracted
from the Keldysh equal-time correlators
COO′ (r − r′; t) ≡ 〈{O(r, t) ,O′(r′, t)}〉/2 (8)
where O, O′ are pi or φ. There are three distinct corre-
lators, which may be written as,
Cφφ (r; t) =
∫
BZ
d3k
(2pi)3
|fk(t)|2ei~k·~r (9a)
CΠφ (r; t) =
∫
BZ
d3k
(2pi)3
Re [f∗k (t)∂tfk(t)] e
i~k·~r (9b)
CΠΠ (r; t) =
∫
BZ
d3k
(2pi)3
|∂tfk(t)|2ei~k·~r, (9c)
where the commutation relation imposes
2Im[f˙kf
∗
k ] = 1. (10)
For the free quench fk(t) is
fk(t) = i
√
ω0
2
sin(εkt)
εk
+
1√
2ω0
cos(εkt) (11)
In the case of the interacting system, Ref. 24 analyzed
the behavior of fk at small k. They found that for some
critical value of m0, fk(t) for t greater than the lattice
spacing is given by
fk(t)=
√
t
2
[
κ+
(
εk
ω0
)−α
jα (εkt) + κ−
(
εk
ω0
)α
j−α (εkt)
]
,
(12)
where since their expressions were derived for long wave-
lengths, εk = |k|, with jα(x) the Bessel function.
κ± are non-universal constants that obey Im[κ+κ∗−] =
−pi/(2 sin (piα)), and depend on the details of the disper-
sion and initial condition. The exponent
α ≡ −θ + 1/2 = (d− 2)/4; (13)
in dimension d > 2. This exponent controls aging effects
when the system is probed at two different times23,27,28.
At the upper critical dimension of d = 4, α = 1/2 and f
reduces to the free case.
Although we are studying unitary quantum dynam-
ics, an effective temperature generated by the quantum
quench gives the same upper critical dimension as for
the classical theory. For finite N , inelastic scattering will
cause the system to thermalize after a time t∗ ∼ O (N)
resulting in diffusive rather than ballistic propagation
of quasi-particles. For times t < t∗ the system is in a
prethermal regime which is qualitatively similar23,25 to
the N →∞ limit.
The correlation functions given by Eq. (12) cannot be
directly applied to the entanglement entropy, since they
are only valid at small k and therefore must be regulated.
As we shall see in Sec. IIIA, it is important to choose a
regulator that maintains the commutation relations and
the uncertainty principle, as otherwise the entanglement
spectrum will be unphysical and lead to imaginary en-
tropies and other pathology. This means that various
common choices of regulator, such as adding an expo-
nential decay to Eq. (9) cannot be used.
Instead, we regulate the expression by taking the form
of Eq. (12) and substitute for εk a function periodic in
the Brilloiun zone, with the appropriate low energy prop-
erties discussed in Sec. IIA. In this way the commutation
relation Eq. (10) is exactly maintained, and the real space
correlation functions can be calculated by Fourier trans-
form. We emphasize that unlike in the free case, where
this substitution is exact, in the interacting case this is
simply a choice of regulator. Nonetheless this should be
irrelevant to the extraction of universal behavior.
We now consider the real space behavior of the corre-
lation functions. If r, t and |r − 2t| are large compared
to the lattice scale then Eq. (9) may be evaluated by
taking |k| small, substituting εk → |k| and dropping all
oscillatory components, giving,
Cφφ (r  2t) ∼ r2α+1−d, (14)
Cφφ (0 < 2t− r  t) ∼ r
1−d
2 (2t− r)2α+ 12− d2 , (15)
COO′ (2t < r) ∼ 0. (16)
4The above expressions can be obtained not only from
solving the N =∞ problem24, but also from performing
a dimensional expansion25.
The singularity as r → 2t and the suppression of the
correlation function when r > 2t is given the following
interpretation1. At t = 0, an extensive amount of en-
ergy is injected into the system. This may be thought
of as quasi-particles being emitted isotropically from all
points. For t > 0 these quasi-particles propagate ballis-
tically with velocity ∼ 1. As the initial state is only lo-
cally correlated, these quasi-particles are correlated only
with other quasi-particles emitted from the same point.
When |r − r′| > 2t, no correlated pair of quasi-particles
has reached the points r and r′, so the correlations are
zero. When |r − r′| = 2t, correlated pairs emitted from
the midway point between r and r′ arrive, leading to a
singular feature. Similarly for CΠφ and CΠΠ, we find,
CΠφ (r  2t) ∼ r2α+1−dt−1 (17)
CΠφ (0 < 2t− r  t) ∼ r
1−d
2 (2t− r)2α− 12− d2 (18)
CΠΠ (r  2t) ∼ r2α−1−d (19)
CΠΠ (0 < 2t− r  t) ∼ r
1−d
2 (2t− r)2α− 32− d2 (20)
Figure 2 highlights this behavior.
The existence of power laws is indicative of the scale
free nature of the quench. Further, we may obtain a
scaling form for COO′ for general r and t. Consider the
limit where t → ∞ but kt remains finite, fk(t) behaves
as:
fk(t) = t
α+1/2h(kt) + sub-leading as t→∞. (21)
The neglect of the subleading terms is non-trivial since
it violates the commutation relation, Eq. (10). Neglect-
ing this issue, inserting the expansion into Eqs. (9) and
rescaling the integration variable k → q/t, we obtain that
at times large compared to the non-universal scales the
correlation functions are
Cφφ = t
2α+1−dgφφ (r/t) (22a)
CφΠ = t
2α−dgφΠ (r/t) (22b)
CΠΠ = t
2α−1−dgΠΠ (r/t) . (22c)
On first sight, the different correlation functions scale
with different exponents. However, this is not a
“coordinate-free” statement as we are free to make a
symplectic transformation of pi and φ. In particular,
if we make the symplectic transformation φ → φ/√t,
Π→ Π√t, all correlations scale as
COO′(r, t) = t2α−dgOO′(r/t). (23)
It is important to note that the relevance of Eq. (23)
to the entanglement statistics is a priori unclear for the
quenched system. The scaling form only holds at long
ranges, whereas entanglement statistics for an arbitrary
quantum state are not naturally divided into long and
short range parts. As we shall see, it is only a small sub-
set of the entanglement that actually obeys the universal
scaling.
III. CALCULATION OF ENTANGLEMENT
STATISTICS
A. Entanglement Spectrum of Gaussian Bosons
The essential idea of entanglement statistics is that
in lieu of studying the state of the system |Ψ〉 directly,
we instead study a reduced density matrix constructed
by tracing over part of our Hilbert space. In our case,
the Hilbert space Htot is composed of tensor products of
countably infinite Hilbert spaces,
Htot = ⊗iaHai , (24)
where as before i indicates a lattice site and a the flavor
index, one for each of the harmonic oscillators present in
the system. We may rewrite our state |Ψ〉 with respect
to this partition of the Hilbert space. Enumerating the
a basis of Hai as |ϕα〉ai we write,
|Ψ〉 =
∑
αβ...
ψαβ...|ϕα〉11 ⊗ |ϕβ〉12 ⊗ · · · . (25)
Now we select some region of the lattice R according
to which the Hilbert space factorizes into two parts
Htot = Hin ⊗Hout. (26)
Then we perform the partial trace over the Hilbert space
Hout. This maps the state |Ψ〉 to a reduced density ma-
trix ρR given by the partial trace,
ρR = Trout [|Ψ〉〈Ψ|] . (27)
A statistic of ρR is the entanglement spectrum, which
is simply the spectrum of the operator ρR. This contains
the information which is invariant under arbitrary uni-
tary transformations of Hin, i.e., all of the information
which knows only about the entanglement of region R
and its complement but not about the internal structure
of R (or its complement).
We wish to calculate the entanglement spectrum of
the density matrix ρR(t) given by the time evolution of
the quenched state, with respect to some region R. We
largely follow Ref. 36. In the case under consideration,
a simplification is that at all times we have Gaussian
correlations that are determined by Wick’s theorem. The
fact that Wick’s theorem determines all correlation is still
true if we only consider correlation functions between
operators in R. Therefore, Wick’s theorem is valid for
expectations with respect to ρR.
Any density matrix for which Wick’s theorem applies
can be written as
ρR = exp
−1
2
∑
ij
XiMijXj
 , (28)
where we have introduced the generalized coordinates
~X =
(
~φ, ~Π
)
, which combines the position index and
5the operators φ and Π. Let us also introduce the total
correlation matrix C, whose elements are given by
Cij(t) = 〈{Xi(t), Xj(t)}〉/2. (29)
The matrix elements of C are the correlation functions
already discussed.
To proceed we want to choose new coordinates Y that
diagonalize C, and therefore M . The slight complication
is that this is a bosonic system, and our new coordinates
have to maintain the canonical commutation relations
[Πi, φj ] = −iδij , [Πi,Πj ] = [φi, φj ] = 0, (30)
or in terms of the generalized coordinates
[Xi, Xj ] = 1 ⊗
(
0 i
−i 0
)
≡ Ω. (31)
If we make new coordinates as a linear combination by
Yi = UijXj , then Yi maintain the commutation relations
iff
UΩUT = Ω, (32)
that is, U must be a symplectic matrix and we are seeking
a symplectic diagonalization of M and C.
Assume we have found coordinates ~Y =
(
~φ′, ~Π′
)
such
that
ρR = exp
[
−
∑
i
1
2
ωi
(
Π′2i +Q
′2
i
)]
(33)
= exp
[
−1
2
Y
(
diag {ωi} ⊗
(
1 0
0 1
))
Y
]
. (34)
Thus Yi are the coordinates in which the “Hamiltonian”
is that of uncoupled harmonic oscillators with frequency
ωi. Because the system is linear these coordinates are
linearly related Y = UX.
Taking the Keldysh correlator of Yi, we get
Tr
[
ρR
{
~Y , ~Y
}
/2
]
Tr [ρR]
=
1
2
diag
{
coth(
ωi
2
)
}
⊗
(
1 0
0 1
)
.
(35)
On the other hand, if we substitute Y = UX into Eq. (29)
we obtain that
Tr
[
ρR
{
~Y , ~Y
}
/2
]
Tr [ρR]
= UTCU. (36)
Therefore
UTCU =
1
2
diag
{
coth(
ωi
2
)
}
⊗
(
1 0
0 1
)
. (37)
Similarly substituting Y = UX into equation Eq. (28)
and comparing with Eq. (34) gives
UTMU =
(
diag {ωi} ⊗
(
1 0
0 1
))
. (38)
The matrices C and M are therefore both diagonalized
by basis given by the coordinates Yi.
Now if we left multiply both sides of Eq. (38) by Ω we
get
Ω
(
diag {ωi} ⊗
(
1 0
0 1
))
= ΩUTMU, (39)
diag {ωi} ⊗
(
0 i
−i 0
)
= U−1ΩMU. (40)
Therefore the matrices ΩM and diag {ωi}⊗
(
0 i
−i 0
)
are
similar and have the same eigenvalues. By inspection,
the eigenvalues of the second matrix are ±ωi. Similarly
the matrix
C˜ ≡ ΩC, (41)
has the same eigenvalues as the matrix 12diag {cothωi}⊗(
0 i
−i 0
)
.
Therefore to find the entanglement spectrum we must
construct the matrix C˜ and find its eigenvalues. These
should be purely real and come in pairs ±λi. These are
related to the ωi by
1
2
coth
ωi
2
= |λi|. (42)
Note that it is the λi that we refer to as the “entangle-
ment eigenvalues” and that are plotted throughout this
paper.
We now relate the oscillator frequencies ωi to the en-
tropy of the density matrix ρR. This is precisely the same
calculation as the entropy of a collection of oscillators at
finite temperature,
SR =
∑
i
[
ωie
−ωi
1− e−ωi − log
(
1− e−ωi)] . (43)
Lastly substituting in the relationship between the ωi and
the symplectic eigenvalues we obtain,
SR =
∑
i
[(
λi +
1
2
)
log
(
λi +
1
2
)
−
(
λi − 1
2
)
log
(
λi − 1
2
)]
. (44)
B. Numerical Calculation
For the numerical calculation of the entanglement
spectrum, we partition the lattice into a cubic region
and its complement, and compute the full ES with re-
spect to this partition. The first step is the computation
of the integrals Eq. (9). To do this, we take our system
to be periodic with length Ltot  t. The integrals over
momenta are then converted to discrete sums over mo-
menta, which may be computed rapidly by fast Fourier
6FIG. 3. (Color online.) Time evolution of the entanglement
spectrum for the interacting quench with L = 10. Left: Or-
dered entanglement eigenvalues at several times. An eigen-
value of 1/2 corresponds to a completely unentangled mode.
The jump at n = 488 = 103 − 83 is a remanent of the ul-
tra short time behavior. Only every twentieth eigenvalue is
shown to improve readability. Right: The time evolution of
the lowest eigenvalues. The eigenvalues 2, 3, 4 and 5, 6, 7 are
each threefold degenerate.
transform. Since the light-cone only spreads a distance
2t, the correlation functions do not know that the system
is finite, and the results are insensitive to the value Ltot.
In the second step, the sub-matrices of COO′ (r − r′; t)
are constructed, where r and r′ are restricted to lattice
points in the cubic region. The total correlation ma-
trix is formed and diagonalized. The ES was calculated
as a function of time for cubic regions up to side-length
L = 15. We report data for both free and interacting
quenches. To test sensitivity to non-universal factors we
considered two dispersions: the nearest neighbor (n.n.)
dispersion ε2k = 6 − 2
∑
i=1,2,3 cos ki and the “altered”
dispersion, ε˜2k = ε
2
k + ε
4
k. We also consider varying the
energy injected in the quench by changing the parame-
ter ω0, showing a “low” and “high” energy quench with
energy per lattice site 12.5 and 50 respectively, for both
the free and interacting systems.
IV. BEHAVIOR OF THE ENTANGLEMENT
SPECTRUM
In this section we will discuss the structure of the en-
tanglement spectrum. First, in Sec. IV A, we summa-
rize the behavior of the numerically calculated spectrum.
Then, in Sec. IV B, we show how the entanglement en-
tropy may be calculated from the “quasi-particle” ap-
proximation. In Sec. IV C, we show how the quasi-
particle approximation does not apply to the largest
eigenvalues in the entanglement spectrum. These are in-
stead governed by universal scaling laws. Lastly, in Sec.
IV D, we discuss the very short time behavior when t ∼ 1.
A. Summary of numerical results
Data for the λn for an L = 10 system is shown in Fig. 3,
left panel. At t = 0 (not shown), all correlations are
completely localized and so there is no entanglement and
all eigenvalues are 1/2. As t becomes greater than L/2,
the light cone leaves the subsystem and the ES converges
to a long time limit. Similarly, the largest eigenvalue
λ1 (Fig. 3, right panel) increases until t ∼ L/2, while
the smaller eigenvalues saturate at shorter times, as they
correspond to shorter wavelengths. Superimposed on this
underlying trend is an oscillation on the scale t ∼ 1,
presumably a reflection of the underlying lattice.
We now consider the entanglement entropy per unit
volume S(t)/L3 as a function of time, (Fig. 1, bottom
panels and Fig. 4). The basic shape of the curve reflects
the light cone physics, increasing for t < L/2 and satu-
rating t L/2. We note three features: (i) the function
q(x) ≡ S(xL)/L3, x = t/(L) (45)
converges to a well defined function as L → ∞; (ii) up
to a linear shift q(x) depends only on the dispersion, and
not on whether the system is free or interacting or on
the energy; and (iii) the function q(x) does not show the
strict linear increase and kink at L/2 seen in 1d conformal
systems19.
B. Quasi-Particle Picture
The basic features of the entanglement entropy are
explained by the quasi-particle picture. The quasi-
particle approximation to the entanglement entropy is
constructed as follows. First at t = 0 we imagine that all
points in the system emit quasi-particles in all directions
and at all momenta. A pair of quasi-particles emitted
from the same point at opposite momenta are assumed to
be entangled and all others unentangled. As the system
is (quasi-)free these particles then fly at constant veloc-
ity. At any given time t we estimate the entanglement
entropy by counting the number of entangled pairs where
one quasi-particle is in the entanglement region and one
quasi-particle is outside. Note that this argument is not
able to fix an overall multiplicative constant since it does
not calculate the entropy per entangled pair.
The quasi-particle approximation immediately implies
the the existence of a scaling function q(x). This follows
from the fact that the ballistic equation of motion r =
vkt, vk ≡ ∂kk is invariant under simultaneous re-scaling
of r → br and t → bt, for arbitrary b. After such a
rescaling all trajectories remain unchanged, however the
volume of the entanglement region is multiplied by bd.
Therefore the number of entangled pairs in the region
is multiplied by bd and since the entropy is supposed to
be proportional to the number of pairs we obtain the
invariance of q(x).
The function q(x) depends only on the dispersion as
the only input taken by the quasi-particle approximation
is vk. Therefore the leading part of the entanglement
entropy is not sensitive to the universal exponents which
define the long range physics.
We do not expect a strict linear dependence as (i) we
do not have a single velocity and (ii) even in the case of a
single velocity, in the higher dimensional geometry we do
7FIG. 4. Scaling plot of the entanglement entropy for the in-
teracting quench n. n. dispersion (top left), free quench n.
n. dispersion (top right), interacting quench, altered disper-
sion (bottom left) and free quench, altered dispersion (bottom
right).
not have a constant number of pairs entering the system.
To directly test this perspective, we calculate q(x) by
numerically simulating the motion of quasi-particles for
the different dispersions. We calculate this by a Monte
Carlo algorithm. First we select a point r at random
from the interior of our region (in our case a cube, scaled
to side length 1), and a momentum k. Then we calculate
the velocity vk from the dispersion relation. Next, we
ask if the point r + 2vkt is inside the region. If it is
not, that means there was a pair emitted at r + vkt,
where one particle is in the region and one is outside,
and thus contributing to the entropy. The proportion of
tries where r + 2vkt is outside the region thus produces
some function F (x), which is zero for t = 0 and goes to
one as t→∞.
To compare this with the data at finite L, we use a
fitting of the form S(t)/L3 ≡ aF (t/L) + b. The fitting
parameter a measures the entropy per entangled particle,
which is not fixed by the quasi-particle approximation.
The parameter b measures the amount of entropy gener-
ated at short times when t is on the lattice scale, where
we do not expect the continuum approximations made
in the quasi-particle approximation to be valid. These
fits are shown in Fig. 4. We find that up to a linear
shift the approximation fits reasonably well, with some
discrepancy that may be due to finite size corrections.
The fact the entanglement entropy depends only on the
dispersion, up to a linear shift, is shown in Fig. 5.
C. Scaling eigenvalues
We now argue that the largest eigenvalues scale ac-
cording to the different critical exponents and are not
sensitive to the short distance physics. These eigenval-
ues are given by the diagonalization of C˜ij(t), Eq. (41).
FIG. 5. (Color online.) Plot aS(t) + b for six different
quenches, with L = 15: low energy, high energy and alter-
nate dispersion each for both the free and interacting case.
Different fitting parameters a and b. Note the curves collapse
onto each other for quenches with the same dispersion. Inset:
Unscaled entanglement entropy.
FIG. 6. (Color online.) Scaling plot of the λ1, λ2, λ5 and λ125
entanglement eigenvalues for the free, low energy quench, for
various system lengths, over a time interval t = 0.5 to 30.
Inset: Unscaled data. The plot of λ125 includes only larger
system sizes and shows a worse fit.
We now make two assumptions about this diagonaliza-
tion at large L: (i) the eigenvectors are smooth on the
lattice scale so that a continuum limit may be taken and
(ii) COO′ may be replaced by their scaling forms. We em-
phasize that these are non-trivial assumptions, especially
(ii) as it violates the commutation relation which is nec-
essary for the constraint λ > 1/2. If these assumptions
are valid, then the eigenvalue equation may be written
as,
t2α−d
∫
Ld
ddr′gˆ
(
r − r′
t
)
ξ(r′) = λ(L, t)ξ(r), (46)
where gˆ(x) is the matrix given by substituting the scaling
forms for COO′ into Eq. (41). By simultaneously scaling
8FIG. 7. (Color online.) Scaling plot of the λ1, λ2, λ5 and
λ125 entanglement eigenvalues for the interacting, low energy
quench, for various system lengths, over a time interval t = .5
to 30. Inset: Unscaled data. The plot of λ125 includes only
larger system sizes and shows a worse fit
FIG. 8. (Color online.) Top: Comparison of the largest two
eigenvalues for several different interacting critical (left) and
free (right) quenches: the low energy, high energy, and alter-
nate dispersion. The eigenvalues from each quench are multi-
plied by a fitting constant. Bottom : Comparison of the small
eigenvalues for several different interacting critical (left) and
free (right) quenches. Scaling the eigenvalues does not fit the
curves.
r = r¯L,r′ = r¯′L and t = t¯L we obtain the scaling form
λ(L, t) = L2αW (t/L). (47)
The largest eigenvalue for several different system sizes
is plotted according to this scaling in Fig. 1 for both the
free (α = 1/2, top left panel) and interacting (α = 1/4
top right panel) cases. Interestingly a sharp feature is
seen in this scaling curve for both systems at approxi-
mately x ∼ 0.6. Fig. 6 and 7 show that the scaling is
effective for other large eigenvalues. Further we find that
up to a linear re-scaling, the resulting curves are inde-
pendent of the non-universal details of the quench for the
largest eigenvalues, see Fig 8, top panels. However, both
FIG. 9. The very short time structure of the entanglement
spectrum for a free quench.
the scaling and the universality break down for smaller
eigenvalues, see Fig 8, bottom panels.
D. Short-time behavior
At very small times the entanglement spectra are dom-
inated by short-range lattice effects. Results for t << 1
for an entanglement region of L = 10 are shown in Fig. 9.
Four equally spaced steps in the spectrum can be seen.
Counting the number of points in each step gives 8, 96,
384 and 512. This suggests the points can be identified
as corresponding to different positions of lattice points in
the geometry: 8 corner points, 96 edge points, 384 face
points, and 512 points in the interior. The eigenvalues
are shifted from 1/2 by an amount proportional to the
number of of nearest neighbors in the complement: zero
for the bulk points, one for the face points, two for the
edge points and three for the corner points.
As t increases the edge modes rapidly hybridize into a
continuous set of eigenvalues. However, the discontinuity
between the edge states and the bulk states is visible until
fairly late times, see Fig. 3.
This behavior may be explained as follows. Let us
consider the correlation matrix C˜(t). At t = 0 all corre-
lations are non-zero except on the same lattice site. So C˜
is completely diagonal in position space. Now at t > 0,
this is no longer true. We may describe the evolution of
C˜ by noting that the operators X obey linear equations
of motion. Therefore we may give their time evolution
by
X(t) = R(t)TX(0), (48)
where R(t) must be a symplectic matrix to conserve the
commutation relations. Therefore the correlation matrix
C˜, defined in Eq. (41), evolves as
C˜(t) = ΩR(t)TC(0)R(t) = R(t)−1C˜(0)R(t). (49)
Now we wish to take the eigenvalues of C˜ when it is
restricted to the entanglement region A. Define the pro-
jector PA as giving 1 on all vectors in Hilbert spaces in
A and 0 on points outside and likewise PA¯ ≡ 1 − PA.
In terms of these therefore we want to diagonalize the
operator
M ≡ PAC˜(t)PA. (50)
9Conjugating by R(t), we see that this is equivalent to
obtaining the eigenvalues of
M ′ ≡ R(t)MR(t)−1
= PA(t)C˜(0)PA(t), (51)
where the time evolved projector is defined by
PA,A¯(t) = R(t)PA,A¯R(t)
−1 (52)
Now R(0) is the identity, and since the light cone
spreads with speed v = 1, for t 1, the matrix elements
of R(t) that connect different lattice sites are exponen-
tially suppressed with increasing distance between the
sites. Therefore it should be sufficient to retain only the
matrix elements connecting the nearest neighbor sites.
Call points in A whose neighbors are all in A bulk points,
and otherwise boundary points. Because the part of R
that acts on bulk points of R only connects points in R,
it commutes with PA,A¯. Therefore the operator PA¯(t) is
zero on sites in the bulk of A and one on sites in the bulk
of A¯, and likewise for PA(t).
Since C˜(0) is diagonal in position space, at short times
the wavefunction which is supported on a single lattice
site in the bulk of A, continues to be an eigenvector of
M ′ at short times with the same eigenvalue of 1/2 as at
t = 0. For the points on the boundary this is not the
case and the wavefunctions which are supported on the
boundary will have their degeneracy lifted.
At the shortest times, we may Taylor expand
R(t) ≈ 1− ut+
(
−v + 1
2
u2
)
t2 +O(t3) (53)
R(t)−1 ≈ 1 + ut+
(
v +
1
2
u2
)
t2 +O(t3) (54)
where v and u are matrices. We separate these matrices
into parts
u = uAA + uA¯A + uAA¯ + uA¯A¯ (55)
and likewise for v, where uAA = PAuPA, etc... With this
decomposition we can write,
M =
[
1 + uAAt+
(
vAA +
1
2
u2AA
)
t2
]
PAC˜(0)PA
×
[
1− uAAt+
(
−vAA + 1
2
u2AA
)
t2
]
+
[
1
2
{uAA¯uA¯A, C˜(0)}+ uAA¯C˜(0)uA¯A
]
t2
= R−1AAPAC˜(0)PARAA
+
[
1
2
{uAA¯uA¯A, C˜(0)}+ uAA¯C˜(0)uA¯A
]
t2. (56)
Here RAA and R
−1
AA are defined by the terms in brack-
ets in the previous equation. It can be checked that to
order O(t3) they are in fact inverses of each other. There-
fore we may conjugate M by RAA without changing the
eigenvalues and produce the matrix
N ≡ RAAMR−1AA
= PAC˜(0)PA +RAA
[
1
2
{uAA¯uA¯A, C˜(0)}
+ uAA¯C˜(0)uA¯A
]
R−1AAt
2 (57)
As we are working to order t2 we may set RAA to 1 in
the proceeding equation. Therefore to the present order
of approximation,
N ≈ PAC˜(0)PA + PA
[
1
2
{uAA¯uA¯A, C˜(0)}
+ uAA¯C˜(0)uA¯A
]
PAt
2 (58)
The first term PAC˜(0)PA is simply the behavior at
t = 0 and is diagonal in position space with eigenvalues
1/2. We now show that the second term is also diago-
nal in position space as long as we include only nearest
neighbor hopping. The term uAA¯ only connects near-
est neighbor sites where one is in A and the other in
A¯. Therefore it is only nonzero on the boundary points.
In the entanglement geometry considered, every point in
A¯ has at most one neighbor in A. Therefore the term
uAA¯uA¯A must connect a site on the boundary of A with
itself and therefore it is diagonal in position space.
Thus the eigenvectors of N continue to be localized on
a single lattice site. However, the eigenvalues are pertur-
batively corrected at order t2 for each nearest neighbor
A. As there is one correction for each nearest neighbor
in A¯ and these are identical by the lattice symmetry, the
splitting is strictly proportional to the number of nearest
neighbors in A¯. This is the behavior seen in Fig. 9.
V. CONCLUSION
The entanglement spectrum was analyzed for quenches
into both a free and critical interacting Hamiltonian. The
largest eigenvalues were found to obey scaling laws deter-
mined by the critical exponents of the system, while the
entanglement entropy was found to be determined only
by the details of the dispersion. The detection of the crit-
ical exponent θ means our results provide a connection
between aging, important in localization and glasses, and
entanglement.
The results may be thought of as partitioning the ES
into two parts. The largest eigenvalues correspond to
long distance physics and carry information about the
critical exponents of the system. The bulk of the entan-
glement spectrum carries information about the short-
range physics and the non-universal details of the system.
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As the entanglement entropy averages over all eigenval-
ues it is largely determined by the bulk of the eigenvalues
and therefore by the non-universal physics.
We may interpret the density matrix ρ as a thermal
state e−Heff , with an effective Hamiltonian Heff. A large
eigenvalue then corresponds to a highly occupied and
therefore low energy mode of Heff. The partition of the
eigenvalues means the lowest energy modes of Heff cor-
respond to long-range universal physics, just as for the
physical Hamiltonian.
The study of the ES as an alternate understanding of
correlated quantum ground states is an active new di-
rection of research37. Our work provides guidance for
studying this in non-equilibrium by highlighting the im-
portance of criticality and the structure of the ES.
The N → ∞ limit could be improved by consider-
ing 1/N corrections38. Although this would provide only
perturbative corrections to the critical regime studied,
it might allow for studying the ES during the crossover
between the critical and non-universal thermal phases.
However, as no known method for a 1/N expansion of
the ES exists, this would be a significant challenge.
We note that the scaling of the first hundred eigen-
values is well reproduced by the numerical results even
for L < 10. At these lengths it would be non-trivial to
extract the critical exponents from the correlation func-
tions, Fig. 2. Moreover, the scaling can be tested inde-
pendently on a large number of eigenvalues. Therefore
it is worth investigating whether the ES is an efficient
means to extract critical exponents in systems where the
critical exponents are not known.
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Appendix A: Energy density of quench states
We work in terms of the function fk. For a free field
the energy is given by
E =
∑
k
[|fk|2ε2k + |∂tfk|2] . (A1)
In the free quench the function f is given by,
fk(t) =
1√
2ω0
cos εkt+ i
√
ω0
2
sin εkt
εk
. (A2)
Plugging into Eq. (A1) we obtain
E =
1
2
[ 〈ε2k〉
ω0
+ ω0
]
. (A3)
where 〈·〉 denotes average over k. For the nearest neigh-
bor hopping dispersion
εk =
√ ∑
i=1...d
(1− cos(ki)), (A4)
we have 〈ε2k〉 = 3. For the interacting case we have,
fk =
√
t
[
i
(
εk
ω0
)−α
jα (εkt)
− pi
4 sinpiα
(
εk
ω0
)α
j−α (εkt)
]
, (A5)
where we have set
κ+ = i
√
2 κ− = − pi
2
√
2 sinpiα
. (A6)
Now in the limit t → ∞, the effective mass reff(t) goes
to zero so that the Hamiltonian becomes that of the free
case. fk after taking the long time limit of the Bessel
functions, reduces to,
fk =i
√
2
piεk
(
εk
ω0
)−α
sin
(
εkt− piα
2
+
pi
4
)
− pi
4 sinpiα
√
2
piεk
(
εk
ω0
)α
sin
(
εkt+
piα
2
+
pi
4
)
.(A7)
Plugging this into the energy functional one obtains
E =
〈
ε2k
[√
2
piεk
(
εk
ω0
)−α]2
+ ε2k
[
pi
4 sinpiα
√
2
piεk
(
εk
ω0
)α]2〉
(A8)
=
2ω2α0
pi
〈
ε−2α+1k
〉
+
pi
8ω2α0 sin
2 piα
〈
ε2α+1k .
〉
(A9)
(This reduces to the free case with α = 1/2 after the
redefinition ω0 → piω0/4). For the n.n. dispersion and
the physical case of α = 1/4 mathematica evaluates〈
ε
1/2
k
〉
≈ 1.533. (A10)〈
ε
3/2
k
〉
≈ 3.764. (A11)
We obtained that for the free state to have equal energy
to the interacting state with ω0 = 100, the free state
should have ω0 ≈ 19.98. For the altered dispersion
ε˜k =
√√√√ ∑
i=1...d
(1− cos(ki)) +
[ ∑
i=1...d
(1− cos(ki))
]2
,
(A12)
and for the physical case of α = 1/4, the integrals evalu-
ate to 〈
ε˜
1/2
k
〉
≈ 1.931. (A13)〈
ε˜
3/2
k
〉
≈ 7.888. (A14)〈
ε˜2k
〉
= 33/2. (A15)
